We give a new method for calculation of complex and biHermitian structures on low dimensional real Lie algebras. In this method, using non-coordinate basis, we first transform the Nijenhuis tensor field and biHermitian structure relations on Lie groups to the tensor relations on their Lie algebras. Then we use adjoint representation for writing these relations in the matrix form; in this manner by solving these matrix relations and using automorphism groups of four dimensional real Lie algebras we obtain and classify all complex and biHermitian structures on four dimensional real Lie algebras. *
Introduction
Calculation of complex structures on homogeneous complex manifolds and especially on Lie groups is important from both mathematical and physical point of view. Mathematically, classification of these manifolds is based on determination of possible complex structures. From the physical point of view these structures have an important role in the N=(2,2) supersymmetric sigma models [1] . It is shown that the N=(2,2) extended supersymmetry in sigma model implies the existence of biHermitian structure on the target manifold such that the complex structures are covariantly constant with respect to torsionful affine connections (see for example [2] and references therein). Furthermore, it is shown that the algebraic structures related to these biHermitian structures for N= (2, 2) supersymmetric WZW models are the Manin triples [3] , [4] . For these reasons, the calculation of the complex and the biHermitian structures on manifolds especially on Lie groups, are important. Samelson [5] shows that compact Lie groups always admit an invariant complex structure . As for the noncompact case, Morimoto [6] proves that there always exist invariant complex structures on any even dimensional reductive Lie groups. In [7] and [8] , complex structures on real four dimensional Lie algebras are classified. The method used in this works is special and seems not to be adequate for the calculation in higher dimensions. In the present paper we give a new method for this purpose, which can be applied for low dimensional Lie groups . In this method, using non-coordinate basis, we first transform the Nijenhuis tensor on Lie groups to algebraic tensor relations on their Lie algebras. Then, using adjoint representation we rewrite these relations in the matrix form. Finally, we solve these matrix relations using Maple. In this research we perform this for real four dimensional Lie algebras. The results for some algebras are different and complete with respect to [8] . Furthermore, calculation of biHermitian structure for four dimensional Lie algebras is new . The paper is organized as follows. In section 2, using non-coordinate basis, we transform the Nijenhuis tensor relation on a Lie group to the algebraic tensor relation on its Lie algebra. Then, using adjoint representation, we write these relations in the matrix form. The relations can also be obtained from definition of complex structures on Lie algebras as endomorphism of them. Then, in section 3 using Maple we solve these matrix relations to obtain complex structures on real four dimensional Lie algebras. In this process, we apply automorphism groups of real four dimensional Lie algebras for obtaining non-equivalent complex structures (table 1) . We then compare our results with [7] and [8] . Note that here we use Patera etal [9] classification of real four dimensional Lie algebras. The list of Lie algebras and their automorphism groups [10] are given in appendix. In section 4, we first transform the tensorial form of the biHermitian relations on Lie groups into the algebraic tensorial relations on their Lie algebras. In this respect, we define biHermitian structure on Lie algebra independently and give an equivalent relation for obtaining non equivalent biHermitian structures. Then using adjoint representation we rewrite these relations in the matrix forms and solve them by Maple. Therefore, the present paper will be a continuation to the discussion of biHermitian structure on real four dimensional Lie algebras. Some discussions are given in the conclusion section.
A brief review of complex structures on Lie groups
Definition 1: Let M be a differentiable manifold, then the pair (M,J) is called almost complex manifold if there exists a tensor field J of type (1, 1) such that at each point p of M , J 2 p = −1; tensor field J is also called the almost complex structure. Furthermore, if the Lie bracket of any vector fields of type (1, 0) X, Y ∈ T p M + is again of the same type, then the complex structure J p is said to be integrable, where
Theorem (Newlander and Nirenberg [11] ) : An almost complex structure J on a manifold M is integrable if and only if 
In the coordinate basis, i.e the basis {e µ = ∂ ∂x µ } and {dx µ } for vectors and dual vectors (forms) respectively on M, the almost complex structures and Nijenhuis tensor are expressed as J = J µ ν e ν ⊗ dx µ and N = N µν λ dx µ ⊗ dx ν ⊗ e λ respectively and the integrability condition (2) can be rewritten as follows :
Meanwhile, the relation J 2 = −1 can be rewritten as
Furthermore one can rewrite the above equations using the non-coordinate basis {ê α } and {θ α } for vectors and forms on M. For these basis we havê e α = e α µ e µ , e α µ ∈ GL(m, R) ,
where for the vierbeins e α µ and its inverse e α µ we have
The dual basis {θ α } are defined by <θ α ,ê β >= δ α β and we haveθ α = e α µ dx µ . Furthermore, the vierbeins satisfy the following relation:
if M is a Lie group manifold G then f αβ γ ,s are structure constants of Lie algebra g of G. Now on these bases the tensor J = J µ ν e ν ⊗ dx µ can be rewritten as
where J α β is an endomorphism of g, i.e. J : g −→ g . Now by applying this relation to (4) we have the following matrix relation for matrices J α β :
Furthermore, by applying relations (7) and (8) to tensor equation (3) and using (6) and assuming that J α β and g αβ are independent of coordinates of G, after some calculations we have the following algebraic relation for(3):
Finally, using adjoint representations
the relation (10) will have the following matrix form:
Note that the above equation can also be obtained from the definition of complex structure on Lie algebra g as follows.
Definition 2: An integrable complex structure on a real Lie algebra g is an endomorphism J of g such that
Now if we use {X α } as basis for Lie algebra g with the following structure constants:
and use the following relation for J:
then relations (14) and (15) can be rewritten as (9), (12) or (13) . Now, in order to obtain algebraic complex structures J α β , it is enough to solve equations (9) and (12) or (13) simultaneously . We do this for real four dimensional Lie algebras in the next section.
Calculation of complex structures on four dimensional real Lie algebras
In this section we use the Patera etal classification [9] of four dimensional real Lie algebras . The commutation relations and the automorphism groups of these Lie algebras are given in the appendix 1 . Now one can write the adjoint representation (Y) for these Lie algebras and then solve the matrix relations (9) and (12) for obtaining complex structures. We do this by Maple. Note that in this process one can obtain equivalent complex structures; to avoid these and in order to obtain inequivalent complex structure we use the following equivalent relation:
Definition 3 [8] : Two complex structures J 1 and J 2 of Lie algebra g are equivalent if there exists an element A of automorphism group of Lie algebra g (Aut(g)) such that:
Note that this relation is an equivalent relation.
In this way, we do this and obtain all non-equivalent complex structures on four dimensional real Lie algebras.
The results are classified in [8] first we must obtain the isomorphism relations between the four dimensional real Lie algebras presented in [9] and those presented in [8] . According to the calculations in [8] and [12] we have isomorphism relations as summarized in the following 
In this respect, one can see that in [8] one complex structure is obtained for Lie algebra V II 0 + R but according to our calculation this Lie algebra has two non-equivalent complex structures. For non-solvable Lie algebras V III + R and IX + R we obtain complex structures. In [8] (a = 0) 
and furthermore if these complex structures be covariantly constant with respect to certain connections Γ
then it is said that M has biHermitian structure, shown by (M, g, J ± ).
In the above definition g µν , Γ µν λ and H µνη are metric , Christoffel connection and antisymmetric tensors on M respectively. Using (22), the integrability condition (20) may be rewritten in the following form [2] :
Furthermore, by introducing the Kähler forms
and by use of (22) one can find
where
Finally, using (25) and (26) one can find
In this respect, the target manifold (M, g, J ± ) is said to have biHermitian structure if two Hermitian complex structures J ± satisfy the relation (28) (i.e. relation between (J + , ω + ) and (J − , ω − ))which defines the torsion H. Now, for the case where M is a Lie group G, similar to the process presented in section 2 one can transform relations (19) − (22) and (24) to the algebraic relation using the relations (6), (7) and the following relations:
and L β ν (R β ν ) are left(right) invariant vierbeins and their inverses respectively. Now using these relations , (21) and (24) transform to the following matrix relations:
where (H α ) βγ = H αβγ . Furthermore, using the following relations [13] 
and assuming that g αβ are coordinate independent; the relation (22) transforms to the following algebraic relation 4 :
Note that the metric g αβ is the ad invariant metric on Lie algebras g .i.e. we have
or in matrix notation we have
Now, one can obtain biHermitian structures on Lie algebras by solving relations (9), (12), (32), (33), (36) and (39) simultaneously. These relations can be applied on the Lie algebra as a definition of algebraic biHermitian structure on g ;
Definition 5: If there exist endomorphism J : g → g of Lie algebra with ad invariant metric g and antisymmetric bilinear map H : g ⊗ g → g such that the relations (9), (12), (32), (33), (36) and (39) are satisfied, then we have biHermitian structure (J, g, H) on g.
Note that relation (33) is equivalent to matrix relation of integrability condition i.e. relation (12) . For this reason, first it is better to obtain algebraic complex structures J, then solve relations (32), (36) and (39) and finally check them in (33). We do this for real four dimensional Lie algebras using Maple. Note that similar to complex structures, in order to obtain non-equivalent biHermitian structures we suggest the following equivalent relations.
Definition 6 : Two biHermitian structures (J, g, H) and (J ′ , g ′ , H ′ ) of Lie algebras g are equivalent if there exists an element A of automorphism group of Lie algebra g (Auto g) such that:
These relations are equivalent relations and are satisfied in the equivalent conditions. Note that if f βγ α = H δβγ g δα or H is isomorphic with f , i.e. if there exists isomorphism matrix C such that
where (Y α ) βγ = −f βγ α and (Ỹ α ) βγ = −H δβγ g δα ; then (J, g, H) shows the Manin triple structure on g [4] . In this way biHermitian structures on real four dimensional Lie algebras can be classified as [14] ) for the following values of parameters:
For Lie algebras V III ⊕ R, there is one biHermitian structure where this structure, for the values
is isomorphic with two dimensional Lie bialgebra type A [14] . There exists one biHermitian structure for Lie algebra IX ⊕ R. The results are given in table 2 6 . Note that the isomorphism relation (43)(i.e. the biHermitian structures which show Manin triple) are independent of the choice of special biHermitian structures from equivalent class of biHermitian structures. In this way if relation (43) holds ; then byỸ ′ α = −H ′ δ g ′ δα and using relations (42) and (43) one can show that 
Conclusion
We offered a new method for calculation of complex and biHermitian structures on low dimensional Lie algebras. By this method, we obtain complex and biHermitian structures on real four dimensional Lie algebras. In this manner, one can obtain these structures on Lie groups using vierbeins . Some biHermitian structures on real four dimensional Lie algebras are equivalent to Manin triple structure obtained in [14] . One can use these methods for obtaining complex and biHermitian structures on real six dimensional Lie algebras [15] . We also apply this method for calculation of generalized complex structures on four dimensional real Lie algebras [16] . 
Introduction
Calculation of complex structures on homogeneous complex manifolds and especially on Lie groups are important from both mathematical and physical point of view. From mathematical discussion the classification of these manifolds are based on the determination of the possible complex structures. From the physical point of view these structures have important role in the N=(2,2) supersymmetric sigma models [1] . Its shown that the N=(2,2) extended supersymmetry in sigma model is equivalent to the existence of biHermitian structure on the target manifold such that the complex structures are covariantly constant with respect to torsionful affine connections (see for example [2] and references therein ).Furthermore it is shown that the algebraic structures related to these bihermitian structure for N=(2,2) supersymmetric WZW models are the Manin triples [3] [4] . For these reasons the calculation of the complex and the biHermitian structures on manifolds especially on Lie groups are important. Samelson [5] shows that compact Lie groups always admit an invariant complex structures . In the non-compact case, Morimoto [6] showed that there always exist invariant complex structures on any even dimensional reductive Lie groups. In [7] and [8] complex structure on real four dimensional Lie algebra are classified. The method that used in those articles was special and seems not to be adequate for the calculation in higher dimensions . Here we give a new method for this purposes, which can be applied for low dimensional Lie groups . In this method, by use of non coordinate basis we first transform the Nijenhuis tensor on Lie groups to algebraic tensor relations on their Lie algebras. Then by use of adjoint representation we rewrite these relations in the matrix form. Finally, we solve these matrix relations by use of maple program. Here we perform this work for real four dimensional Lie algebras. Our consequences for some algebra are different and complete with respect to [8] . Furthermore, the calculation of biHermitian structure for four dimensional Lie algebras are new . The paper is organized as follows. In section 2, by use of non coordinate basis we transform the Nijenhuis tensor relation to the algebraic tensor relation on Lie groups. Then by use of adjoint representation we write these relations in the matrix form. These relations can also be obtained from definition of the complex structures on Lie algebras as endomorphism of them. Then, in section 3 by use of maple program we solve these matrix relations to obtain the complex structures on real four dimensional Lie algebras. In this process, we apply automorphism groups of real four dimensional Lie algebras for obtaining of non equivalent complex structures (table 1) . We then compare our results with [7] and [8] . Note that here we use Patera etal [9] classification of real four dimensional Lie algebras. The list of Lie algebras and their automorphism groups [10] are given in appendix. In section 4, we first transform the tensorial form of the biHermitian relations on Lie groups into the algebraic tensorial relations on their Lie algebras. In this respect, we define biHermitian structure on Lie algebra independently and give a proposition for obtaining non equivalent biHermitian structures. We then by use of adjoint representation rewrite these relations in the matrix forms and solve them by use of maple program. Our results for biHermitian structure on real four dimensional Lie algebra are new. Some discussions are given in the conclusion. Theorem : An almost complex structure J on a manifold M is integrable if and only if
A brief review of complex structures on Lie groups
where χ(M ) is the set of vector fields on M and the Nijenhuis tensor N(X,Y) is given by
In the coordinate basis i.e the basis {e µ = ∂ ∂x µ } and {dx µ } for vectors and dual vectors (forms) respectively on M the almost complex structures is expressed as J = J µ ν e ν ⊗ dx µ and the integrability condition can be rewritten as follows :
Meanwhile the relation J 2 = −1 can be rewritten as
Furthermore one can rewrite the above equations by use of the non-coordinate basis {ê α } and {θ α } for vectors and forms on M. For these basis we havê e α = e α µ e µ , e α µ ∈ GL(m, R) ,
where by requiring that {ê α } be orthogonal we have the following relation for metric on M:
where e 
The dual basis {θ α } are defined by <θ α ,ê β >= δ α β and we haveθ α = e α µ dx µ . Furthermore the vielbeins satisfy in the following relation:
where in the case M is a Lie group manifold G the f αβ γ ,s are structure constants of Lie algebra g of G. Now by use of these basis the tensor J = J µ ν e ν ⊗ dx µ can be rewritten as
where J α β is an endomorphism of g i.e. J : g −→ g . Now by applying this relation in (4) we have the following matrix relations for matrices J α β :
Furthermore by applying relations (9) and (10) in tensor equation (3) and use of (8) and assuming that J α β and g αβ are independent of coordinates of G, after some calculations we have the following algebraic relation for (3) :
Finally by using of adjoint representations
these relations have the following matrix forms:
or
Definition 2: An invariant complex structure on a real Lie algebra g is an endomorphism J of g such that
Now if we apply {X α } as basis for Lie algebra g with the following structure constants:
and use of the following relation for J:
then relations (16) and (17) are rewritten as (11), (14) or (15) . Now to obtain algebraic complex structures J α β it is enough to solve equations (11) and (14) or (15) simultaneously . We perform this work for real four dimensional Lie algebras in the next section.
Calculation of complex structures on four dimensional real Lie algebras
Here we use the Patera etal classification [9] of four dimensional real Lie algebras . The commutation relations and the automorphism groups of these Lie algebras are given in the appendix 1 . Now one can write the adjoint representation (i.e Y) for these Lie algebras and then solve the matrix relations (11) and (14) for obtaining complex structures. We perform this work by use of maple program. Note that in this process one can obtain equivalent complex structures; to avoid these and obtain inequivalent complex structure we use the following proposition:
Proposition 1 [8] : Two complex structures J 1 and J 2 of Lie algebra g are equivalent if there exist an element A of automorphism group of Lie algebra g (Aut(g)) such that:
In this way, we perform this work and obtain all nonequivalent complex structures on four dimensional real Lie algebras. The results are classified in the table 1 2 . We see that 21 out of 30 real four dimensional Lie algebras have complex structures. To comparison of these results with the results of [8] we must firstly obtain the isomorphism relations between the four dimensional real Lie algebras presented in [9] and those presented in [8] . According to the calculations [8] and [11] we have isomorphism relations as the following table: 
In this respect one can see that in [8] for Lie algebra V II 0 + R one complex structure is obtained but according to our calculation this Lie algebra has two non-equivalent complex structures. For non solvable Lie algebras V III + R and IX + R we obtain complex structures. In [8] , for Lie algebra A 4,8 , two complex structures are obtained but here we obtain four complex structures to this Lie algebra. For Lie algebra A 4,10 two complex structures are obtained in [8] but according to table 1,we obtain four complex structures for this Lie algebras. In [8] , for Lie algebra A 4,12 , two complex structures are obtained but here we obtain three complex structures for this Lie algebra. The results for other Lie algebras are the same as [8] .
1 Note that for decomposable Lie algebra (L 3 ⊕ R)we use the Bianchi classification for real three dimensional Lie algebras L 3 .
2 Note that in this table the basis are showed with {eα} instead {Xα} (a = 0) Je 2 = −e 1 + e 3 , Je 3 = −e 1 − e 2 + e 3 + e 4 Je 2 = e 1 + e 3 , Je 3 = −e 1 − e 2 − e 3 + e 4 Je 2 = −e 1 − e 3 , Je 3 = e 1 + e 2 + e 3 − e 4 Je 2 = −e 1 − e 3 , Je 3 = −e 1 + e 2 − e 3 + e 4 A 4 BiHermitian structures on four dimensional real Lie algebras
:If the manifold M has two complex structures J ± such that these are biHermitian ,i.e Hermitian with respect to both complex structures
where g µν is the metric on M , and furthermore these complex structures be covariantly constant with respect to certain connections Γ ± , respectively
such that Γ
where Γ µν λ is the Christofel connection for the metric g and the torsion is given by
so that H µνη is antisymmetric tensor ; then it is said that M has biHermitian structure and is shown by (M, g, J ± ).
Using (24) the integrebility condition (22) may be rewritten in the following form [2] :
Furthermore by introducing the Kähler forms
and by use of (24) one can find
Finally by use of (28) and (29) one can find
In this respect, the target manifold (M, g, J ± ) is said to have biHermitian structure if two Hermitian complex structures J ± satisfy the relation (31) (i.e relation between (J + , ω + ) and (J − , ω − )) defining the torsion H. Now for the case where M is a Lie group G in the similar way of section 2 one can transform relations (21) − (24) and (27) to the algebric relation by using the relations (7) − (9) and the following relations:
and L β ν (R β ν ) are left(right) invariant vielbeins and their inverses respectively. Now by using these relations , (23) and (27) transform to the following matrix relations:
where (H α ) βγ = H αβγ . Furthermore by using the following relations:
and by assuming that g αβ are coordinate independent; the relation (24) transforms to the following algebraic relation 4 :
Now, one can obtain biHermitian structures on Lie algebras by solving relations (11), (14), (34), (35), (38) and (41) simultaneously. These relations can be applied as a definition of algebraic biHermitian structure on the Lie algebra g ; Definition 4: If there exist endomorphism J : g → g of Lie algebra with ad invariant metric g and antisymmetric bilinear map H : g ⊗ g → g such that the relations (11), (14) , (34), (35), (38) and (41) are satisfied, then we have biHermitian structure (J, g, H) on g.
Note that relation (35) is equivalent to matrix relation of integrability condition i.e relation (14) . For this reason, first it is better to obtain algebraic complex structures J, then solve relations (34), (38) and (41) and finally check them in (35). We perform this work for real four dimensional Lie algebras by use of maple program. Note that as in the case of complex structures to obtain non equivalent biHermitian structures we propose the following proposition:
Proposition 2 : Two biHermitian structures (J, g, H) and (J ′ , g ′ , H ′ ) of Lie algebras g are equivalent if there exist an element A of automorphism group of Lie algebra g(Auto g) such that:
Proof: By use of (14), (34) and (35) one can see that if (J, g, H) is a biHermitian structure then (J ′ , g ′ , H ′ ) is also biHermitian structure and satisfy in those relations.
Note that in the case that f βγ α = H δβγ g δα or H is isomorphic with f i.e if there exist isomorphism matrix C so that
where (Y α ) βγ = −f βγ α and (Ỹ α ) βγ = −H δβγ g δα ; then (J, g, H) shows the Manin triple structure on g [4] . In this way biHermitian structures on real four dimensional Lie algebras are classified in the following For Lie algebras V III ⊕ R there is one biHermitian structure where this structure for the values
is isomorphic with two dimensional Lie bialgebra type A [12] . There exist one biHermotian structure for Lie algebra IX ⊕ R. The results are given in the table 2. Note that the isomorphism relation (45)(i.e. the biHermitian structures which shows Manin triple) are independent of the choice of special biHermitian structures from equivalent class of biHermitian structures. In this way if relation (45) holds ; then by use ofỸ
and relations (44) and (45) one can show that 
Conclusion
We give new method for calculation of complex and biHermitian structures on low dimensional Lie algebras. By use of this method we obtain complex and biHermitian structures on real four dimensional Lie algebras. In this manner one can obtain these structures on Lie groups by use of veilbins . Some biHermitian structure on real four dimensional Lie algebras are equivalent to Manin triple structure that have been obtained previously [12] . One can apply these methods for obtaining of complex and biHermitian structures on real six dimensional Lie algebras [13] . 
